We give a formalism of arithmetic mixed Hodge structures which are recently studied by M. Green [12], [13] and M. Asakura [1] , and are named by them. This notion became necessary for us to describe the image of the Abel-Jacobi map for a generic hypersurface (inspired by previous work of M. Green [11] and C. Voisin As to the image of the Abel-Jacobi map, let A = Q, and consider a cycle map of
0.1. Proposition. If there is a morphism of complex varieties S ! X inducing a surjective morphism CH 0 (S) Q ! CH 0 (X) Q where X is smooth proper, then 0(X; j X ) = 0 for j > dim S.
Actually, it turns out that the usual Hodge theory [9] is enough for this. See (4.4) below. But the attempt led us to the following formulation.
For a subeld A of R, and a subeld k of C, let MHS(A) hki be the category of knite mixed A-Hodge structures, which is by denition the inductive limit of the category of mixed A-Hodge Modules on S = Spec R with R running over nitely generated ksubalgebras of C. See (2.2) . It has a natural functor to MHS(A) the category of gradedpolarizable mixed A-Hodge structures in the usual sense [9] , and has the constant object A hki as the limit of the constant variation of Hodge structure of type (0; 0) on smooth S. For a complex variety X, we can dene the cohomology H j (X; A hki ) in MHS(A) hki in a compatible way with the functor . 0.2. Theorem. Let As to the image of the Abel-Jacobi map, let A = Q, and consider a cycle map of where Ext 2p is taken in the derived category of MHS(A) hki , and a X : X ! pt is the structure morphism. The assumption would be reduced to the injectivity of the Abel-Jacobi map for any smooth projective varieties over number elds if the Hodge conjecture holds for any p 0 1 codimensional cycles on smooth projective varieties dened over number elds (e.g. if p = 2).
In x1, we introduce the notion of mixed Hodge structure whose C-part is dened over k, and calculate the extension group. In x2, we study the category of k-nite mixed Hodge Modules, and dene the cycle map in x3. The proofs of the above assertions are given in x4. Proof. The rst assertion follows from the same argument as in [19, 5.1.14] . Then the second follows from [21] .
Remark. For the construction of the direct images f 3 ; f ! , it is enough to construct the cohomological direct images H i f 3 ; H i f ! (thanks to the strictness of (F; W)). Indeed, if X is quasi-projective, f 3 ; f ! are dened by taking two sets of open coverings of X associated with general hyperplane sections, and using the combination of co-Cech and Cech complexes together with Artin's vanishing theorem for the (perverse) cohomological direct images by an ane morphism. See [4] , [5] . M X for any j. This is reduced to the case where X is a divisor dened by a function g. Then the assertion is veried by using the functor g in [20, 2.22] . This is inspired by [4] . (The paper quoted in loc. cit. was not available at that time). A similar functor which is denoted by 4 g , and corresponds to g j 3 (where j : Y nX ! Y is the inclusion morphism) is used in [4] . It is not clear whether we can construct this functor in the category of mixed Hodge Modules by using projective limit and inductive limit as in the paper quoted in loc. cit.
1.3. Let MHS(k; A) = MHM(Spec k=k; A) (where we put F p = F 0p ). This is the category of graded-polarizable mixed A-Hodge structures [9] whose C-part is dened over k (and polarizations are assumed to be dened over k as above be a nitely generated k-subalgebra of C such that X is dened over R, i.e., there is an R-scheme X R with an isomorphism X R R C = X. Then, for a nitely generated smooth k-subalgebra R 0 of C (i.e. Spec R 0 is smooth over k) containing R, we put X R 0 = X R R R 0 ; S 0 = Spec R 0 ; d R 0 = dim k S 0 , and k R 0 = k \ k(R 0 ) where k(R 0 ) is the fractional eld of R 0 . For R 0 ; R 00 as above with R 0 R 00 , we have a natural morphism by the pull-back where MHS(A) is the category of graded-polarizable mixed A-Hodge structures in the usual sense [9] .
For a nitely generated smooth k-algebra R of C, put S = Spec R and S C = Spec R k R C. Let VMHS(S=k R ; A) ad be the category of admissible variations of mixed A-Hodge structures on S an C (see [15] , [24] ) whose C-part is dened over S by a biltered O S -Module (M S ; F; W) with an integrable connection. We assume as before that polarization on where R runs over nitely generated smooth k-subalgebras of C. = 0 for i 6 = 02j. We say that H 2 MHS(A) hki is global section-free, if for any nitely generated smooth k-subalgebra R of C such that H is represented by an admissible variation of mixed Hodge structure on S := Spec R, the underlying local system on S C has no nonzero global section.
Remarks. (i) When k = Q, MHS(A) hki is called the category of arithmetic mixed
Hodge structures according to M. Asakura [1] , and is closely related to recent work of M. Green [12] , [13] (see also [26] ). (ii) When A = Q, the Hodge conjecture implies that every Q-Hodge cycle in the usual sense is a Q-nite (or Q-horizontal) Hodge cycle. It may be more natural to restrict the Hodge conjecture to Q-nite (or Q-horizontal) Hodge cycles.
3.3. Deligne cohomology. Let X be a proper smooth complex variety, and H i D (X; Q(j)) the Q-Deligne cohomology in the usual sense [10] . By [2] it is isomorphic to for any suciently large nitely generated smooth k-subalgebra R 00 of C containing R 0 , where 00 : S 00 := Spec R 00 ! S denotes the canonical morphism. But this can be done by taking a multivalued section of S 00 ! U where we may assume that the image of the multivalued section is proper and etale over U by shrinking U.
4.4. Proof of (0.1). We may assume X connected. Let k be a subeld of C with nite transcendental degree such that S; X and the morphism S ! X are dened over k, i.e., there exist k-varieties S k ; X k with a morphism S k ! X k which gives S ! X by the base change. Let Z be the image of S in X, and similarly for Z k . Let K be the function eld of X k , and choose an embedding K ! C. Let denote the zero cycle of X K := X k k K dened by the diagonal of X k 2 k X k . By assumption its image in CH 0 (X) Q is represented by a cycle supported in Z. Then this holds also in CH 0 (X K ) Q . (Indeed, it is easy to show it for CH 0 (X K 0 ) Q where K 0 is a nite Galois extension of K, and then we can use the trace morphism.) See [7] . This assertion means that the middle dimensional cycle dened by the diagonal of 
